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Abstract 

In this paper, we introduce horizontal and vertical warped product 
Finsler manifold. We prove that every C-reducible or proper Berwaldian 
doubly warped product Finsler manifold is Riemannian. Then, we find 
the relation between Riemmanian curvatures of doubly warped product 
Finsler manifold and its components, and consider the cases that this 
manifold is flat or has scalar flag curvature. We define the doubly warped 
Sasaki-Matsumoto metric for warped product manifolds and find a condi- 
tion under which the horizontal and vertical tangent bundles are totally 
geodesic. Also, we obtain some conditions under which a foliated mani- 
fold reduces to a Reinhart manifold. Finally, we study an almost complex 
structure on the slit tangent bundle of a doubly warped product Finsler 
manifold. 

Keywords: Doubly warped product manifold, Sasaki-Matsumoto lift 
metric, Vaisman connection, Reinhart manifold, Kahler structure^] 



1 Introduction. 

In the Riemannian or semi-Riemannian cases, the doubly warped product of 
Riemannian (semi-Riemannian) manifolds was studied by many authors [TJ [HI 
[7J [HI [H] , and several application to theoretical physics were given. For instance 
in [Jj, Beem-Powell considered this product for Lorentzian manifolds. Also, 
Allison considered causality and global hyperbolicity of doubly warped product 
and null pseudo convexity of Lorcntizian doubly warped product in [T] . 

This construction can be extended for Finslerian metrics with some minor 
restriction. In [21 [3] , Asanov gave the generalization of the Schwarzschild metric 
in the Finslerian setting and obtain some models of relativity theory described 
through the warped product of Finsler metrics. Then, Shen used a construc- 
tion of warped of Riemannian metrics at the vertical bundle, and obtained a 
Finslerian warped product metric [T8] . Recently, Kozma-Peter-Varga used the 
Finsler fundamental functions to define their warped product [TO]- Then they 
studied the relationships between the Cartan connection of the doubly warped 
product manifold and components of it. 
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Let (Mi,F\) and (M 2 ,F 2 ) be two Finsler manifolds with dimM\ = n\ and 
dimM2 = n 2 and fi : Mi — >• M + and / 2 : M 2 — > M + be two smooth functions. 
Let 7Ti : Mi x M 2 — > Mi and 7r 2 : Mi x M 2 — > M 2 be the natural projection maps. 
The product manifold Mi x M 2 endowed with the metric F : TM[° x TM 2 ° ->■ M 
is considered, 

«2) = V^MKM + /i 2 (tti(ui))F 2 2 (i;2), (1 .1) 

where TM° = TM\ - {0} and TM° = TM 2 - {0}. The metric defined above is a 
Finsler metric. The product manifold Mi x M 2 with the metric F(v) = F(vi, v 2 ) 
for (vi,v 2 ) G TM° x TM 2 defined above will be called the doubly warped 
product of the manifolds Mi and M 2 and /i and f 2 will be called the warping 
functions. We denote this doubly warped by / 2 Mi x f 1 M 2 . If cither /i = 1 or 
f 2 = 1, but not both, then / 2 Mi x f 1 M 2 becomes a warped product of Finsler 
manifolds Mi and M 2 . If both fx and / 2 , then we have a product manifold. If 
neither f\ nor f 2 is constant, then we have a nontrivial (proper) doubly warped 
product manifold 

This paper is arranged as follows: In section 2, we give some of basic concepts 
related to Finsler manifolds. In section 3, we introduce the horizontal and 
vertical distributions on tangent bundle of a doubly warped product Finsler 
manifold and construct the Finsler connection on this manifold. Then, we prove 
that every C-reducible or proper Berwaldian doubly warped product Finsler 
manifold reduces to a Riemannian manifold. In section 4, for very two Finsler 
manifolds (Mi,Fi) and (M 2 ,F 2 ), we introduce the Riemmanian curvature of 
doubly warped product Finsler manifold (f 2 M\ x f x M 2 , F) and find the relation 
between it and Riemmanian curvatures of its components (Mi, F\) and (M 2 , F 2 ). 
In the cases that (/ 2 Mi x f 1 M 2 ,F) is flat or it has the scalar flag curvature, 
we obtain some results on its components. In section 5, the doubly warped 
Sasaki-Matsumoto metric G is introduced for the doubly warped product Finsler 
manifold. Then by using the Levi-Civita connection of this metric, we find some 
conditions under which HTM° and VTM° are totally geodesic. In section 6, we 
obtain the Vaisman connection of Riemmanian foliated manifold (TM° , Tv, G) 
and show that it is a Reinhart space if and only if (Mi,Fi) and (M 2 ,F 2 ) are 
Riemannian manifolds. Finally, we define an almost complex structure on the 
slit tangent bundle of a doubly warped product Finsler manifold and show that 
this structure with the doubly warped Sasaki-Matsumoto metric construct an 
almost Hermitian structure. Then, we prove that (TM°,G,J) is a Kahlerian 
manifold if and only if the doubly warped horizontal distribution HTM° is 
integrable. 

2 Preliminary 

Let M be a n-dimensional C°° manifold. Denote by T X M the tangent space 
at x e M, by TM = l) xeM T x M the tangent bundle of M, and by TM° = 
TM — {0} the slit tangent bundle on M. A Finsler metric on M is a function 
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F : TM -)• [0,oo) which has the following properties: (i) F is C°° on TM°; 
(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM; (iii) for 
each y £ T X M, the following quadratic form g y on T X M is positive definite, 

1 d 2 

Sy(u,v) := -— [F 2 (y + su + to)] | Sjt=0 , u,veT x M. 
Define C y : T^M ® T^M T^M K by 

C 5 («,«,w) := -^7 [gy+to^.w)] | t=0 , u,v,w £ T X M. 

The family C := {CyjygTAf is called the Cartan torsion. It is well known that 
C = if and only if F is Riemannian [5][T7]. For y £ T x Mq, define mean Cartan 
torsion I y by l y {u) :— Ii(y)u l , where F :— g jk Cijk, g jk is the inverse of gjk and 
u = u l -^~\ x . By Deicke's Theorem, F is Riemannian if and only if I y = 0. 

Let (M, F) be a Finsler manifold. Then for y £ T X M , define the Matsumoto 
torsion M y : T X M ® T X M ® T^M ->• M by M a (u, w, iu) := M ijk (y)u i v : >w k where 



Myfc :— Cijk — — — ^ {Iihjk + Ijhik + Ikhij}, 



hij := FF y i y j = gij — -p2gi P y p gj q y q is the angular metric. A Finsler metric 
F is said to be C-reducible if M y = [IT] . Matsumoto proves that every 
Randers metric satisfies that M. y = 0. Later on, Matsumoto-Hojo proves that 
the converse is true too. It is remarkable that, a Randers metric F = a + ft on 
a manifold M is just a Riemannian metric a perturbated by a one form ft on 
M [251. 



For a Finsler manifold (M, F) , a global vector field G is induced by F 
on TMq, which in a standard coordinate (x l ,y l ) for TMq is given by G = 



y ^-2G i (x ) y)^, where 

4 \dx k dy l dx l J x 

The G is called the spray associated to (M,F). Then we can define B y : 
T X M®T X M®T X M^T X M by B y (u,v,w) := B i jkl (y)u^v k w l £ l \ x where 

3 dy3dy k dy l 

The B is called the Berwald curvature. F is called a Berwald metric if B = 0. 

The Riemann curvature R y = R t k dx k <g> -^j\ x '■ T X M — »• T^M is a family of 
linear maps on tangent spaces, defined by 

Ri d_& _ , + 2C , fl'g* _ ac*^ 

<9ir fc dx 3 dy k dyWy k dy 3 dy k 
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For a flag P = spanjy, u} C T X M with flagpole y, the flag curvature K = 
K.(P,y) is defined by 

K(P, y) := gi/KR-i/W) _ (2 _ 3) 

s y (y,y)sy(u,u) -g y (y,u) 2 ' 

We say that a Finsler metric F is of scalar curvature if for any y € T X M, the 
flag curvature K = K(x, y) is a scalar function on the slit tangent bundle TMq. 
If K = constant, then _F is said to be of constant flag curvature. 



3 Doubly Warped Nonlinear Connection 



Let (Mi,Fi) and (M 2 ,F2) be two Finsler manifolds. Then the functions 

l &F?(x,y) l d 2 F 2 (u,v) 
(t) ftj (a:, y) = - , («) ff aj9 («,«) = g dvadv p . ( 3 - 4 ) 
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define a Finsler tensor field of type (0, 2) on TMf and TM 2 °, respectively. Now 
let (/ 2 Mi x f ± M 2 , F) be a doubly warped Finsler manifold and let x £ M and y e 
T x Af, where x = (x,u), y = (y,v), M = Mi x M 2 and T X M = T X M X ®T U M 2 . 
Then by using (|1 and (|3 .4|l . we conclude that 



1 d 2 F 2 (x,u,y,v) 

2 a y a y f> 



^2 

/2 #U 



/fSa 







(3 -5) 



where y a = {y\v a ), y b = {y j ,v p ), gy = /fpy, g Q(9 = /i&tf, g 4( 3 = g«j = 0, 
... e {l,...,ni}, a, /?,... e {l,...,n 2 } and a, 6, . . . € {1, . . . , n x + n 2 }. 

Now we consider the the spray coefficients of F\ , F 2 and F as follows 



1 / cl 2 F 2 r)F 2 \ 

=4»"(8^-8?)<™>' (3 ' 6) 

G °<»."> = HzH^ -if)'-')- < 3 ' 7 > 

(3 -8) 



, 1 ab / d 2 ^ 2 c dF 2 \ 

G (x ' y) = I g (a^? y -^?) (x ' y) 



Taking into account the homogeneity of both F 2 and F. 2 , we can derive from 
(|3 ,6p and Q3 .7(1 that G l and G Q are positively homogeneous of degree two 
respect to (y l ) and (v a ), respectively. Hence, by Euler's theorem about the 
homogeneous functions, we conclude that 



By setting a — i in (|3 .8|) . we have 



d 2 F 2 



dF 2 

9a;' 1 



(3 -9) 
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Direct calculations give us 



OF 2 

d 2 F 2 
dy h dxi 

d 2 F 2 
dy h du a 



fi 



2 dF 2 , df 2 p2 



2 dx h dx h 2 
B 2 F 2 

J2 dy h dxi 



dfldFf 
du a dy h 



Putting these equations together g lh — -kg lh in (13 .91) and using (13 .61) imply 

J 2 

that 



G 



(x,u,y,v) =G l (x,y) + ^g th ( 



dftdF 2 df 2 2 
V dx^ t2 



4fi* \du a dy 

Similarly, by putting a = a in (|3 .81) and using (|3 .7[) . we obtain 

fldFi 



G-(x,«, y , )- G -(«,.) + ^(^^-M^ 



(3 .10) 



(3 .11) 



Therefore we have G" = (G*, G Q ), where G Q , G* and G Q are given by ipOjl . 
(|3 .10p and (|3 . 1 1[) . respectively. Now, we put 



«) G?:= (ii) G}: — . (m) G£ 



9G° 



(3 .12) 



Then we have 

Lemma 1. The coefficients G^ defined by \3 .lty) satisfy in the following 



where 



\Gl(x,u,y,v) 

Gj(x,u,y,v) 
Gp(x,u,y,v) 
Gf(x,u,y,v) 
Gp(x,u,y,v) 



Gj(x,u,y,v) Gj(x,u,y,v) 
G l p(x,u,y,v) Gp(x,u,y,v) 



(3 .13) 



dyi j 



1 dg ih df? 2 1 df? 
4/| <V fe' 1 2 2/| 9m 



277777777'^ 771^^' ( 3 - 14 ) 



9ff J_ , h (dfldFl_dfldFl\ 
dvP 4/| ff KduP dy h dx h dvl i ) 

dCT = J_ ai (dfldF[ _ dfldJl 
dyi iff 9 \dxi dv^ dui dyJ 



dcr i ag^a/i 

" 4/f 0^ 9u7 



2/f ftc* 



(3 .15) 
(3 .16) 
y^.(3 -17) 



Proof. By using (|3 . 10[) and (|3 . 12[) . we have 



dg^fdfidF 2 a dfi 



'-( 



dyi \du a dy h 



. g ih?RJ?2L v a 
du a dyWy h 



(3 .18) 
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But from the part (i) of (|3 .4|) . we get — 2ghky k ■ Hence, we have 
dg^_dFf _ dg^_ k 

WW : " w 9hkV 

= -2. 9 V§^=0. (3-19) 

By plugging (i) of (|3 5} and (|3 . 19[) in (|3 . 18[) and using g lh ghj — <5j, we have 
(|3 . 14|) . In a similar way, we can obtain (|3 .15|1 - (|3 . 17[) . □ 

Now, we are going to consider VTM°, the kernel of the differential of the 
projection map 

7T := (tti, tt 2 ) : TM° © TM° -> Mi x M 2 , 



which is a well-defined subbundle of TTM° . Locally, VTM° is spanned by the 
natural vector fields {g|r, . . . , g^rr, gfrj ■ • ■ , q§^} an d it is called the doubly 
warped vertical distribution on TM°. Then, using the functions introduced by 
(|3 . 14[> - (|3 .17|) . the nonholonomic vector fields are defined as follows 



s d 

S d x i 


d 

dx 1 


G j 9 

*cV 


C P 9 


S d 
S d u a 


d 

' ~~ du a 


-G j — 

a dy> 





(3 .20) 
(3 .21) 

This make it possible to construct a complementary vector subbundle HTM° 
to VTM° in TTM°, which is locally presented as follows 

. 8 d 5 d 5 d 5 d , 
HTM := span\ „ , r . . . . , — ; , ,. , , , • ■ • , in K 

^ X <W S x ni 5 u 5 u 712 

HTM is called the doubly warped horizontal distribution on TM°. Thus the 
tangent bundle of TM° admits the decomposition 

TTM° = HTM° © VTM°. (3 .22) 

Proposition 1. Let (f 1 Mi x f 2 M%, F) be a doubly warped product Finsler man- 
ifold. Then G = (G%) is the nonlinear connection on TM = TM\ © TM%. 
Further, we have 



<9G!- u dG\ 

-v 1 



dy k 


■y - 




d 4 


y k h 




dy k 




dG« 


/h 




Qyk 






dG% 

r\ I, 




dG% 



dy 



Got 
0- 



G 



Definition 1. Using decomposition (|3 .22[) , the doubly warped vertical mor- 
phism v d : TTM° -> VTM° is defined by 

where 

(i) <SV := dy l + G)dx ] + G l p du fi : (ii) 5 d v a := dv a + G^dx j + G a p du p . (3 .23) 
For this projective morphism, we have 

From the above equations, we get (v d ) 2 = v d and ker(v d ) = HTM°. This 
mapping is called the doubly warped vertical projective. 

Definition 2. Using decomposition (|3 .22|) . the doubly warped horizontal pro- 
jective h d : TTM° -> HTM is defined by h d = id - v d or 

fid fid 

h d := — — <g> dx l + rj — <g> dw Q . 
For this projective morphism, we have 

£d sd rd rd a a 

^(J_) = J_, ^(A) =0 , h d (^-) = 0. 
K 8 d x 1 ' S d x l y S d u a S d u a K dy l K dv a ' 

Thus we result that (h d ) 2 = h d and ker(/i d ) = VTM°. 

Definition 3. Using decomposition (13 .22[) . the doubly warped almost tangent 
structure J d : HTM° -> VTM° is defined by 

9 d 
J d : —-®dx l + - — ® du a , 
ay 1 av a 

or 

J d (j^)=^ A*?-) = A ^)=^(#-)=o. 

Thus we result that J 2 = and ker J = ImJ = VTM°. 

Here, we introduce some geometrical objects of doubly warped Finsler man- 
ifold. In order to simplify the equations, we rewritten the basis of HTM° and 
VTM° as follows: 

fid fid . fid 

fi l + _ fi a 



5 d x a S d x L " 
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It is clear that TTM° = span{g§^, g^s-}. The Lie brackets of this basis is given 
by following 

S d S d d 8 d d d d d 



(5 d x a ' <5 d x b J a6 9y c ' L <5 d x a ' 9y fc J ab dy c ' 1 9y a ' dy b 
where 

w RC ^ = - ( " } G ^ = w- (3 - 25) 

Corollary 1 . Let (/ 2 Mi x ^ M 2 , F) be a doubly warped product Finsler manifold. 
Then 

TfC _ I Tfk jjk -nk -nk -nl t>1 p7 Tfl \ 

21 ab — \ n iji '' i/3> aj) a/3) ij> -"■ »0) " cej) 

w/iere 



Tfk 

ij 


6 d Gf 


S d G k j 

5 d x i ' 


rtk 

H i/3 


S d G k 
■ 5 d u p 


5 d G k f} 
5 d x i 


nk 


<5 d G* 


3 d G) 


Tfk 

U a/3 


S d G k a 


8 d G) s 


5 d xi 


5 d u a ' 


■ 5 d u p 


S d u a 


n- 


_ S d G] 


5 d G] 




6 d G] 


6 d G} 


8 d xi 


5 d x i ' 


■ 5 d u fi 


8 d x i 




_ S d Gl 
5 d xi 


S d G] 

S d u a ' 




_ S d GT a 

■ S d u f3 


6 d G} 
S d u a ' 



With a simple calculation, we have the following. 

Corollary 2. Let (f 2 M\ x f x M 2l F) be a doubly warped product Finsler manifold. 
Suppose that G = (G£) is the nonlinear connection on TM. Then 



where 



frc / frk frk /~tk frk fry fry fry fry \ 

^ab ~ I "til "tfl) ^crp ^afl) ^ip Wfl) ^ai'i ''a/i) 



fe 0Gf fc 1 9 2 g fcfe dfl 2 fc 
0yj " 4fldyidy*dx h 2 



12 

k dG k _ 1 dg kh dfldF 2 1 df! k _ k 



fli;/ 3 4/| fly* ftc' 1 Aw/ 3 2/| Su^ 

fc _ 9G^ _ 1 kh^f? _ rtk 

P ~ ~dvT~~2fl 9a P 9 dx^~ G ^ 

fry _ 9GJ 1 « 7 d/l _ fry 

^ ~ a^ ~ 2/f - 9lj3 a u « ~ 

= ac?_ i dg^dfjdF? i dfl 

4/3 a?;/ 3 4/2 a^ a u « ay* 2/2 a^ 

r7 aG^ = r7 1 ay A a/i 

Q ^ a^ Q ^ 4tfdvPdv a du x 1 ^ c 
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Apart from G^ b , the functions FJj b are given by 

Corollary 3. Let {f 2 Mi x f x M2, F) be a doubly warped product Finsler manifold. 
Then 

jpc I jpk jpk jpk jrrfe 7T<7 77(7 e<7 e<7 \ 



where 



4 = *8 - ^* + *r|* - JltfM) (3 .27) 

(3 .28) 



(3 .31) 



and p£ = ±g kh (¥f + S -Pi- S -Pi), Fl„ = ig 7A (^r + - = 

2^ v da;' 1 / J ap 2^ V ou^ oit Q ou x " i 

i |4« Q (5[ - i §^|4f 2 2 and M£ = ^^ly r S^ - jll^ffff 

2/J 9u° « 4/| ay 1 9k' 1 ^ a 2/f cte r tf a 4/f 9u° 3« A J- 

Proof. By using (13 .26)) . we obtain 

F fe _ ±Jkh(&9M , _ /, 

IJ 2^ V^s* 5<V 5 d x h ) 1 J 

Since is a function with respect to (x,y), then by (|3 .141) and (13 ,20p we get 

^ = ^ ^ %^ 
<5<V J dy r 2 dy r 

Interchanging i and j in (|3 .34)1 . gives us . Again, by interchanging j and ft, 

in (|3 .34|) . we obtain -pfM-- By setting these equation in (|3 .33)) . we get (|3 .27|l . 
By similar calculations, we can prove the another relations. □ 

Lemma 2. Le£ (f 2 Mi x ^M^jF) be a doubly warped product Finsler manifold. 
Then y c J^ c = G%, where F% c and G a h are defined by W7ZM and (i) of ITJE) . 
respectively. 



9 



Proof. By using (i) of (|3 .4p . we get 

Since <7ij is 0- positive homogenous, then by using Euler's theorem and the part 
(i) of (|3 .35[) . we obtain 

Using P~3o) and in (|3~2"T)) imply that 



Direct calculation gives us 



j A r rdght 1 9/1 a r dg hl 1 dg rs df? 2 dg hi 
i/ J Jli,-- — = — — v w — - . — — K 



<9y r 2/ 2 2 3m" " dy r 4/ 2 2 * 9yJ dx s z dy r 

Since ght and g rs are 0-positive homogenous, then from the above equation we 
conclude that 

y j M r^hi = 0. 
y 3 dy r 

Therefore from (|3 .37p . we derive 

y j Fij = Gl (3 .38) 

From (|3 .15[) and (13 .28[) and using (ii) of (|3 .35)) . (|3 .361) and 2-positive homoge- 
nously of F| we get 



V 2/| A„ ' T I /'■- 

On the other hand, we have 

khrsdghi _ khrs^ghr _ „rs „ 8g kS /o 

5 3 -rr-r - g g -z-T — ~9 9hr^r-r - — ^~r- (3 .40] 

oy r ay 1 ay 1 oy l 

Setting HOP]) in (|3~551l implies that 

„/3l? fe — 1 ^jl ,,Pxk 1 s d/f 2 fc , 

V F ^ " 2/f " 4jf^^ 2 - Gi ~ Gl ■ (3 ' 41) 



From p .38j) and (13 .411) . we get the following 



y c F* =y'4 +^F* =G*. (3.42) 
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Similarly we obtain 

y*F^ = 0, y iF 7 . = G 7 -G 7 , y J 'F7.=0 
These equations give us 

y c F fe = v 3 F k ■ + v f3 F k R = G k 

J etc V A aj 1 u ap et 

y c F 7 = ^F 7 + v ¥l H = G 7 
v c F 7 - 7/ J F 7 4- ?; ,3 F 7 — G 7 

This completes the proof. □ 

The local components of doubly warped Cartan tensor field of Manifold 
(f 2 Mi x f x M2,F) is defined by 

Ca 1 ae &$=>bc 



2° dyf 

From this definition, we conclude the following. 

Lemma 3. Let (f 2 M\ x f t M2,F) be a doubly warped product Finsler manifold. 
Suppose that C k j and C 7 o be the local components of Cartan tensor field on M\ 
and M.2, respectively. Then we have 

Cc _ f s~<k (~h f~k f~k /~rt f~a (~d (~n \ 
ab — V°ij' °ajs ^yi u i/9> u aji u a ^i 

« ~ 2 5 ~ ^ ~ 2 5 ck; A " ^ 

and C% = & aj = & a0 = C 7 - = C] p = CT aj =0. 

By using the Lemma [31 we can conclude the following. 

Corollary 4. Let (/ 2 M\ x f 1 M2, F) be a doubly warped product Finsler manifold. 
Then (f 2 Mi x ^Ms^F) is a Riemannian manifold if and only if {M\,F\) and 
(M2,i i 2) are Riemannian manifolds. 



Now, we are going to consider C-reducible doubly warped product Finsler 
manifold. 

Theorem 1. Every C-reducible doubly warped product Finsler manifold (/ x M\ x 
f 2 M%,F) is a Riemannian manifold. 
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Proof. We define the Matsumoto doubly warped tensor M a fc c as follows: 

M afcc = C abc — {I a h 6c + I fc h ac + I c h afc }, (3 .43) 

n + 1 

where I a = g bc C abc , C ab c=J> c d C tb and h ab = g a b ~ T^y a yb is the angular 
metric. By attention to (|3 .43p and the relations Gy/. = /fCyfc and C Q( 3 7 = 
fiCap-f, we obtain 

If P PP 1 

M ajk = -—y|/f - j^VjVk) - -p2-v a (Ijyk + hVj)]- (3 .44) 

Contracting (|3 .44[) with y J y implies that 

f 2 p2 f 2 p2 f 2 f2 p2 p2 

n M «]t = -7 — — rrl 1 ^2~> Ia = ^l — i imt2 la - (3.45) 

(n + 1) b A (n + \)b A 

By assumption M a jk — 0, and then I a — 0, i.e., (M2,F%) is a Riemannian 
manifold. By similar calculations, we can deduce that (Mi, i<i) is a Riemannian 
manifold. This completes the proof. □ 

Theorem 2. Every proper doubly warped product Finsler manifold (/ 2 Mi x 
tMjjf) with vanishing Berwald curvature is a Riemannian manifold. 

Proof. The coefficients of Berwald curvature of a doubly warped product Finsler 
manifold (/ 2 Mi x / 1 M2,F) are given by following: 





fc i ay a/ 2 

l]l 4/| OyWyJdy 1 dx h 2 


(3 .46) 


Tjfc 


1 <9 V 1 9/i 2 5F| 
4/| (Vdy* a^ Si;/ 3 


(3 .47) 


"D fe 

B «/3I = 


i a 5 fc?i a/ 2 
2/| 5q/9 a?/ a*" 


(3 .48) 


^a/SA = 


= ~p Gaf,x9 a^ 


(3 .49) 


*%A - 


1 dg kh dp 
2/| a^ 5^ ff/3A 


(3 .50) 


R 7 


jyy 1 ^V" ^/f 
a/3A 4 j2 g v Pdv a dv X du v 1 


(3 .51) 




i aV 7 9/| a^i 2 

4/ 2 9i;^ai; A du a dy l 


(3 .52) 


B^ A = 


i a.g Q7 a/| 

2p 9lJ dv x du a ' 


(3 .53) 


Bijfc ~~ 


fr vk9 du° 


(3 .54) 


R 7 - 


i a 5 Q7 op 
2p dv? du a9lk - 


(3 .55) 
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If (f 2 Mi x fl M 2 ,F) is Berwaldian, then we have Bf bc = 0. By (|3 .49|) , we get 

Multiplying p .56[) with gfc r implies that 

C Q/3A ^ = 0. (3.57) 

By (|3 .57[) . if /i is not constant then we result that C a p\ — 0, i.e., (M 2 ,F 2 ) 
is Riemannian. In the similar way, from p .54|) we conclude that if f 2 is non 
constant then (Mi, Fx) is Riemannian. □ 

Theorem 3. Let (f 2 Mi x f t M 2 , F) be a doubly warped product Finsler manifold 
and fx is constant on Mi (f 2 is constant on Mi). Then (f 2 Mi x f t M 2 ,F) is 

Berwaldian if and only if M\ is Riemannian, M 2 is Berwaldian and q v \ 

(M 2 is Riemannian, Mi is Berwaldian and ^f§^t = 0). 

Proof. Let (f 2 Mi x f 1 M 2 ,F) be a Berwaldian manifold and f\ is constant on 
Mi. Then from p .54)) we result that Cijk = 0, i.e., (Mi, Fx) is Riemannian. 

Also, p~53| gives us £ x ^ 7 ,q — 0- Differentiating this equation with respect 

to (vP) we deduc e ggfe ^3 = and consequently dv x d 9 v dv „ = 0. Setting 
this equation in p .51[) we derive -B^a = 0, i.e., (M 2 ,F 2 ) is Berwaldian. In the 
similar way, we can prove the converse of this assertion. □ 



Corollary 5. Let (Mi x f t M 2 ,F) be a proper warped product Finsler manifold. 
Then (Mi x f t M 2l F) is Berwaldian if and only if M 2 is Riemannian, Mi is 

Berwaldian and ^f-r^r = 0. 

ay ox 1 

4 Riemannian Curvature of a Doubly Warped 
Product Manifold 

The Riemannian curvature of a doubly warped product Finsler manifold (f 2 Mi x 
f 1 M 2 ,F) with respect to Berwald connection is given by 

td a be F bd , -pa pe -rpa Trie (a ro\ 

K b cd - -gd^d ~ -gd^r + * de* be - * ce* 6d" l 4 ' 58 ) 

For the definition of Berwald connection see [22] and [23] . 



Lemma 4. Le£ {f 2 Mi x f 1 M 2 ,F) be a doubly warped product Finsler manifold. 
Then 

pa b t> a. 

cd — V a b edi 

where R a cd and y b R b a cd are given by \3 .25)) and {4 -58\ ). 
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Proof. By using (|4 .58p . we have 

y feR A* = y b ^r y b ^t + y b Kn k - - y b K e K- (4 .59) 

By using Corollary [3] and Lemma [5J we obtain 

y6 T# = W +F ^ G ' + I V G f> y bF L F fcfc = F k G fc + F / 7 G fc- (4-60) 
Interchanging i and j in (|4 .60p implies that 

y^-J^ + ^Gl + F^Gl y 6 FLF^=FLG? + Fi 7 G7. (4.61) 

Plugging (|4 .60p and (|4 .6ip in (|4 .59|) , give us y b IV H = R l fc; . In the similar 
way, we can obtain this relation for another indices. □ 



Using (|4 .58p . we are going to compute the Riemannian curvature of a doubly 
warped product Finsler manifold. 

Lemma 5. Let (f 2 Mi x f 1 M 2l F) be a doubly warped product Finsler manifold. 
Then the Riemannian curvature of a doubly warped product Finsler manifold is 
given by following 

f dF h $ dM k u ■ i u 



R a ki - A m { W {g^S k - f 2 G a g — ) + ^(F rl - M rl )(—S k 

dghk, . 1 ,3/L „ 2 ~r ih d 9hU f dfl x B 

-/i^/ A |^)} (4-63) 



.4 



f— f 



2/| 



(Mi* 



-m l9 



dy m>K duP 3 



ill \(X. 



fl r<r „ih ®9hj \ 



9y 



1 



4(/|) 2 
1 



W r 



Aflfl y dx h 



dv 



(4 .64) 
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T}1 _ _ S d / 1 a/| i 2 ih dg h i \ 1 5 d dfl ih 



W' Wfl { d^ 9 9 ^~ hGh9 a^W' 



~h &l 9 ~ ^ 9 "ri - M n)(jnK9 a p - h G h-?rjr) 



2 x i f 2 rtr „ih u 9hl . 

1 ;1 " 



1 I 9 fi ri r2 rtr Ah d 9h 



dg^s , 1 f d fi xi t2^ 7 Bdg\p,,dfi 
-/l<^|S)} (4-66) 



^"f^fl^ - ft^w^ (4 - 67) 

<9F 7 „ 5 d M2 



+ Wfl 9 9 i9vX ^~ flGs ^ )i9a ^~ flG "~d^ ) P {4m) 

where M] h = \g ih {Mf-§^ + MJ^- - M^), = \gi»(Mf-§^ + 

M£^j§- — Mjf d ^ ) and denotes the interchange of indices i, j and sub- 

traction. 

Proof. By (|4 .58p . we have 

R /ki = -gd^T ~ -gd^k + F lh F jk + F h F jk ~ F L F ji - F 'k 7 F ji- ( 4 -69) 



By using (|3 .27|) . we get 



v)k = F ; k -M; k . 
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Since is a function with respect to (x,y), then by (|3 .141) and (|3 .20|) wc 
derive that 

<5 d F* fc SFj h dFL 5 d M} k 

Interchanging k and / in (|4 .70j) implies that 

5Fl dFi 6 d Mi 
21 _ 21 _ a /» 21 21 (4 71 "i 

5 d x k 6x k k dyr § d x k ■ V • ) 

By plugging ([3~27| . (|3~2g)) . ([3~50]l . (jTTTDj) and (l4~TTj) in (j4~M| . we can obtain 
(|4 .62[) . In the similar way, we can obtain this relation for another indices. □ 

Theorem 4. Let (/ 2 Mi x f 1 M2,F) be a flat doubly warped product Finsler 
manifold. Then 

(i) if (Mi, Fi) is Riemannian then the components of the Riemannian Curva- 
ture of Mi are as follows: 



\gradf 2 
Pi 



R j ki = 72 ( 5 i9jk ~ o k gji). (4 .72) 



(ii) if (-M2, F2) is Riemannian then the components of the Riemannian Curva- 
ture of M2 are as follows: 

= l|gfa f l|2 (^ - <^a). (4 .73) 

Proof. Since the proof of (ii) similar to (i), then we only prove (i). Let (Mi, Fi) 
be a Riemannian manifold. Then <?jj is a function of (x), only. Therefore we 
have Mj k = 0. Also, the function F % - k independent of (y). By using (|4 .621) . we 
conclude that 

«^ fcz - «i fci ~ Jj2j2(<>i93k ~ o k gji)g q-^q^- 

But we have 

Hence the above equation rewritten as follows 

Tj ^ \\9radf2\\ 2 /H , , s 

H-j fcz = «j fcz 72 (Oifl'jfc " 6 k9jl)- (4 -74) 

/l 

Since (/ 2 Mi x f ± M2,F) is a flat manifold, then we have R,*jy = 0. Therefore, 

(|4~74]) gives us (|4 .720 . □ 
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Now, let (Mi,i*i) is a Riemannian manifold and f± is a scalar function on 
Mi. Then from (|4 .72 p . we have 

R/fe^^lLgradMI 2 ^-^), 

where i^i is constant. Since gradf2 is independent of (x), then it is a constant 
function on Mi. The similar argument is hold, if (^^2,^2) is Riemannian and 
/2 is constant on M2 . Therefore we have the following corollary. 

Corollary 6. Let (f 2 Mi x f 1 M2,F) be a flat doubly warped product Finder 
manifold. Then 

(i) if (Mi , Fi ) is a Riemannian manifold and fi is constant on Mi , then Mi 

is a space of positive constant curvature K \\\ g r adj '2W ; 

(ii) if (M^jF^) is a Riemannian manifold and /2 is constant on M2, then M2 

is a space of positive constant curvature K2\\gradfi\\ 2 . 

By the corollaries 0] and HI we conclude the following. 

Corollary 7. Let (f 2 Mi x fcMz, F) be a flat doubly warped product Riemannian 
manifold. Then 

(i) if fi is constant on Mi, then Mi has positive constant curvature Ki \ \gradf 2 | 2 

and M2 is a flat manifold; 

(ii) if f2 is constant on M2, then M2 has positive constant curvature K2 \ \gradfi \ 

and All is a flat manifold. 

The flag curvature of a Finsler metric which plays the central role in Finsler 
geometry, is called a Riemannian quantity because it is a natural extension of 
sectional curvature in Riemannian geometry. For a Finsler manifold (M, F), the 
flag curvature is a function K(P, y) of tangent planes P C T X M and directions 
y G P. The Finsler metric F is said to be of scalar flag curvature if the flag 
curvature K(P, y) = K(x, y) is independent of flags P associated with any fixed 
flagpole y [17]. 

Theorem 5. Let (Mi, Fx) be a Riemannian manifold and (f 2 Mi x f 1 M2,F) 
be a doubly warped product Finsler space of scalar flag curvature Xi(x,u,y,v). 
Then (Mi , Fi ) has constant curvature Ki if and only if 

\ 1 \ ir \\9 rad h\? 
Ai (x, u, y, v) = Ki . 

h 

Proof. Since (f 2 Mi x f ± M2,F) is a space of scalar flag curvature Xi(x,u,y,v), 
then we have 

R/ w = Xi(x,u,y,v)(5ig jk - 5{ gjl ). (4 .75) 
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By setting flj .751) in (14 .74)1 . we obtain 



i? 



'3 kl - 



Xi(x,u,y,v) + 



\\9radf 2 \ 
ft 



{$19 jk ~ 8%9ji)- 



(4 .76) 



By using (|4 .76|) . the proof is completes. 



□ 



Similarly, we have the following. 

Theorem 6. Let (M 2 ,F 2 ) be a Riemannian manifold and (j 2 Mi x f t M 2l F) 
be a doubly warped product Finsler space of scalar flag curvature X 2 (x,u,y,v). 
Then (M 2 ,F 2 ) has constant curvature K 2 if and only if 



Corollary 8. Let (/ 2 Mi x f 1 M 2 ,F) be a doubly warped product Riemannian 
manifold of the constant curvature X. Then 

(i) if f\ is constant on Mi, then Mi and M 2 have constant curvatures A + 

||(?rad/2|| 2 and X, respectively; 

(ii) if f 2 is constant on M2, then Mi and M2 have constant curvatures A and 

A+ ||grad/i|| 2 , respectively. 



5 Doubly Warped Sasaki-Matsumoto Metric 



Let (M, F) be a Finsler manifold. It is well known that there are several ways to 
associate the slit tangent bundle TM° of M with Riemannian metrics which are 
naturally induced by the Finsler metric F. The most well-known such metric is 
the Sasaki-Matsumoto lift 



to the TM° (see [13l HH [15l HB] ) . Now, let ( h Mi x h M 2 , F) be a doubly warped 
product Finsler manifold. Then the doubly warped Sasaki-Matsumoto metric 
can introduced as follows 



G = flgijdx 1 <x> dx j + flg a fjdu a ® du 13 + flgij5 d y l ® S d y j 

+ flg aP 5 d v a ® 5 d v^ (5.77) 

where 5 d y l and S d v a are defined by (|3 .23[) . 



Proposition 2. Let (/ 2 Mi x f ± M2,F) be a doubly warped product Finsler 
manifold. Then the Levi-Civita connection V d on the Riemannian manifold 



X 2 (x,u,y 7 v) = K 2 



1 1 gradfi I 



fi 



G = gtjdx 1 <g> dx J + g^Sy* (g> 5y 3 . 
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(TM° 7 G d ) is locally expressed as follows: 

§d S d 1 d S d 1 d 

V fe^ = + ( 2^" ~ C ^ ] dy~ s + + 2 Wii d$ ' 78) 

f) a A d f 2 r\ d 

X?d U _ (C< s I ^ „ fc;s B r \_L L J2-n nit 1 Tt r 

V JUL. — ~ y L ij + — 9 K kz ) TrfZI + 7772 9rj9 ^ 



~dyi K 13 2" kl '5 d x s 2/2^ ^6 d u-y 
g ks 8 d d 
+ ~(~6 d x l93k + G ^ 9rk ~ G * fcflrj '^ 

+ 2^ W (/i G ^ - /I <%*9ri)-^ (5 -79) 

V7d _ IPS ^ 1 DS ^ -» ^ 1 D7 9 ^ OAA 

V ^r W " + 2 R Vdtf + F *¥tf + 2 R Vdtfi (5 - 80) 

d 1 <5 d 
-flG^gxp)— + -gxpgTR 

+^29^(^-1^ + A 2 G> A , - flG^gx^ (5 .81) 



S d vfi a0 6 d x s 2 dy s afs 5 d ui y 2 a P> dv 
S d S d 1 s d S d 1 d 

KilJ-T + n RS a jW-7 + KiTT-Z + 0^7^37 ( 5 - 83 ) 



|£_ S d x j ocj §dx . s T 2 aj g yS T aj 5 d ul T 2 ctj g v y 



+ 2 9rj9 Rka Sd~^ + 2fl 9r ' 9 R ^ a 5d^ 

+ 27p 7M (/i 2 <-9A, - /I Ga^rj)-^ (5 .84) 

V J^d^ - 2ff x(i9 Rka ¥x^ + 2fl 9 ^ G ^ 9rk 



+ 2^5 W (^A 2 5^ + /i 2 G^5a m - A 2 G^ 5A ,)^(5 .85) 
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d g ks ,. 6 d 5 d d 

+^2^(fl G^flr* + !l Gfcfl* - (5 .86) 

d 1 <5 rf 

+^{flG% 9Xa + fiGT m9rj )^ = A (5 .87) 

Q I fid fid 

1 S d 8 d 

The Levi-Civita connection V d induces a connection V on VTM°, i.e., 

V x v d Y = v d (V d x v d Y), (5.89) 
for X,Y e r(TTM°). Then we have 
Lemma 6. we /iawe 

V A7^ = + V t#^^ = + - 90) 



dy j VQys y 9u7 ' ^a^j <*3dy s ^dv^ 
d d d d d d 

V %W ^ ct 'dr' vd ^d^ = c ^d^' = S7 1^w = 0(5 ' 92) 

Proof. By using 1|5~79]> . (|5~5T|) . (j5~M|) - (j5~551) and (15~M1) it is sufficient to 
proof the following equation: 

^ gCe( fe + gdeG " a ~ SdaG " e) = F " b ' (5 ' 93) 



By using (i) of (|3 . 12p . we derive 



a 2 G rf d 2 G° 



&de^*ba &da^*be ScZe Sda 



<9y a <V toda <9y e dy b 

)-G^ + G^, (.-,.<)-!, 



_d_ ( 9Ge _ dGa _ Qd dgde C rf9g da 
ay 6 1 ay a dy e > a dy b e dy> 



where G e := g de G d . By direct calculations and using (|3 .51) and (|3 .81) . we 
deduce that 

9 ( 9G e _ dGa = dg^ _ dg^ 

Q y b y Q y a Q y e > Q x a Q^e ' K ' > 
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Putting (|5 .95j) in (|5 .94j) implies that 

gdeWa - Sda^be ~ ~ ~~$d^ ' ^ MK> > 

By plugging (|5 .96[) in the left side of equation (|5 .93|) and using (|3 .261) . we 
obtain the right side of equation (|5 .93p . □ 

We say that the vertical distribution VTM° is totally geodesic in TTM° if 

V d a e F(VTM°). 
^ dy b 

Similarly, we say that the horizontal distribution HTM is totally geodesic in 
TTM° if 

For more details, see [21) . 

Proposition 3. Let (/ 2 Mi x f ± M 2 , F) be a doubly warped product Finsler man- 
ifold. Then VTM° is totally geodesic if and only if F^ b = G c ab . 

Proof. By using the definition of totally geodesic, we deduce that VTM° is 
totally geodesic if and only if 

V d B — e T(VTM°), S7 d a — f S T(VTM°), (5 .97) 

ay 3 ov p 

v d s — — r g r(raf), v d 8 — , e r(yrM°). (5 .98) 

Since G d is parallel with respect to V d , then we have 

8 () d r) d 8 

G(V d _^ 7r -, -r^) + G(V d _^ — ) = 0, (5 .99) 

w ay 3 o d x n b a x tl ay 3 

G(V^/ ?j ^ x ) + G(V^t? X) / ? ) = 0. (5.100) 
ay' 8yJ o d u x a B . 8 d u x ay 3 

By using (|5 .86[) and (|5 .90|> . we obtain 



in, <s 

2 



^(-7535« + G^- ff „ + G^) = ^(G| h - F|J 5si , (5 .101) 



l^(-^lfi9ij + /|G^,g„ + fiG^g rj ) = /|g^(G 4 s A - Ff A )«^. (5 .102) 
Putting the above equations in (|5 .86|) give us 

Therefore V d _a_-£j € T(VTM°) if and only if G l ih = F l lh and G' A = F' A . 

dy l 

Similarly, we obtain the another relations. □ 
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Corollary 9. Let (/ 2 Mi x f x M%,F) be a doubly warped product Riemannian 
manifold. Then VTM° is totally geodesic distribution. 



Proposition 4. Let (/ 2 Mi x ^Ma, F) be a doubly warped product Finsler man- 
ifold. Then HTM is totally geodesic if and only if (M±,Fi) and (^2,-^2) ore 
Riemannian manifolds and R 1 ^ = R s i p = R 1 ^ — R s a p = 0. 

Proof. By definition, HTM° is totally geodesic if and only if 

V d 6d -J-r £ T(HTM°), V\ d -J-j g T(HTM°), (5 .103) 

V d 3d Jl e r(i/TM°), V d , d * £ T(HTM°). (5.104) 
HQSD implies that V d 5d 4^ G T(HTM°) if and only if R 7 . . = and 



C*. + -R-, = 0. (5 .105) 



Interchanging i and j in the above equation gives us 

- C£ + iR s ri = 0. (5 .106) 

It is remarkable that Cfj and R S y are symmetric and skew-symmetric tensors 
with respect to i and j, respectively. Then (|5 .105|l + (|5 .106[) . implies that C^- = 
0, i.e., (Mx,F±) is a Riemannian manifold. In the similar way, we can prove 
another relations. □ 



6 Doubly Warped Vaisman Connection 

In this section, the Riemannian manifold (TM , G) is considered for which 
M = f 2 M% x j 1 M 2 and G is given by (|5 .77[) and the vertical foliation Ty (i.e., 
TTM° = HTM° © VTM°) on it. Also, we consider the notation from g] and 
|20j . related to foliated manifolds entitled Vaisman connection. The Vaisman 
connection on the Riemannian foliated manifold (TM° , Ty , G), is uniquely 
defined by the following conditions: 

(i) if Y G T(VTM°) (respectively G T(HTM )), then V V X Y G T(VTM°) (re- 

spectively G T(HTM°)) for every X; 

(ii) HX,Y,Z e T{VTM°) (T(HTM°)), then (\7 V X G)(Y,Z) = 0; 

(iii) v d (T(X,Y)) = if at least one of the arguments is in T(VTM°) and 
h d (T(X,Y)) = if at least one of the arguments is in T(HTM°). 



22 



Now, we are going to compute the Vaisman connection on the Riemannian 
foliated manifold (TM°, Jy.G). 

Proposition 5. Let (f 2 Mi x t 1 M2,F) be a doubly warped product Finsler man- 
ifold. Then the Vaisman connection V 11 on (TM°,J 7 v 1 G), is locally expressed 
with respect to the adapted local basis {js—r, S d u a , -§^i-> af^} as follows: 

d d Q c) & d 

= C ' : ^ + ^d^> V fe*/ = G ^ dy* + ^^ (6 - 107) 
Q Q d d Q d 

v "ii^W = + G2 ^' V kr^ = G ^ W + ^^ (6 ' 108) 

ife S d xi ij S d x k 11 8*iP ' -dz* S d uP af> 5 d x k a0 S d u^ ' 



5 d wc 5 d _ 5 d „ 5 d , 6 d S d 
jifr W ~ 1/3 S d x k lfs 8 d u~< 1 8 d xJ ~ aj S d x k aj 8 d u~< 



(6 .109) 
8*_ 

(6 .110) 



\7 v - — r k _ v _ — r* 7 _ v _ — v 1 ' _ - 1 i 

~ ij dy k ' ^cW 3 "^fc/r' wdv? ~ ^ dyi ' 



<5 d ., <5 d 5 d ., S d 



(6 .111) 



V, 7^— = V% -rj— = V° 8 = V 8 = 0. (6 .112) 

0? 6 d x3 a^S d xl a^^u/ 3 S?5 d uP V ; 

Proof. From the condition (i) of Vaisman connection, we have 

f) ft f) t) d fi d i) d 

By using (16 . 1 13|) and the condition (ii) of Vaisman connection, we get 

= v (T( F? ' W )] = ^ ~ G ' J ] W + {A1 ' ~ } ^ ~ " B ^ ¥^ ■ 

The above equation A k j = G k }1 M = G£ and fl£ = Bj t — 0. Therefore, we 
obtain the first equation of (|6 .1071) and the first equation of (|6 .112[) . Similarly, 
we can obtain the another relations. □ 

The Lemma |6]and Proposition [5j give us the following. 

Theorem 7. Let (/ 2 Mi x f 1 M2,F) be a doubly warped product Finsler mani- 
fold. Then the Levi-Civita and the Vaisman connections on the foliated manifold 
(TM°,Fv, G) induce the same connection on the structural bundle if and only 
if Fab = G L ab . 

Therefore, we conclude the following. 

Corollary 10. Let {j 2 M\ x f x M%,F) be a doubly warped product Riemannian 
manifold. Then the Levi-Civita and the Vaisman connections on the foliated 
manifold (TM°, Tv-, G) induce the same connection on the structural bundle. 



23 



Definition 4. A Riemannian foliated manifold with the Riemannian metric G 
is called a Reinhart space if and only if 



for all the sections X of the structural bundle and Y, Z sections of the transversal 
bundle, where the covariant derivative is taken with respect to the Vaisman 
connection of the manifold [25] . 

Theorem 8. Let {f 1 M\ x t^Mi, F) be a doubly warped product Finsler manifold. 
The foliated manifold (TM°,J-'y, G) is a Reinhart space if and only if (Mi,F±) 
and (M2, F2) are Riemannian manifolds. 



Proof. Let X = + e T(VTM°) and Y = Y>'£r + , 

Z = Z k -^ + Z~<-^ belong to T(HTM°), also V" be the Vaisman connection 
on (TM°, Fy, G d ). By (|6 .1121) . we obtain 

<y x G)<X,Z) = X i ^<ySz k f2g jk )+X i -£ ? (Yf'2rf*gp J ) 



Hence the condition (|6 .114|) for all Y,Z E T(HTM°) is equivalent to C ijk = 
and C Qi g 7 = 0, which is equal to that (Mi,F\) and (-^2,^2) are Riemannian 



7 Kahlerian Structures 

In this section, we define an almost complex structure on the slit tangent bun- 
dle of a doubly warped product Finsler manifold and show that this structure 
together the doubly warped Sasaki-Matsumoto metric construct an almost Her- 
mitian structure. Then we find a condition, under which this structure can be 
a Kahler Structure. 



We consider the F(TM°)- linear mapping J : x(TM°) -> x(TM°), defined 

by 



(V X G)(Y,Z)=Q, 



(6 .114) 




manifolds. 



□ 



J = 




§d x i 



<g> dx l + 



§d u a 




<g> du a , 
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or 



8 d 



K S d u° 



d 

dy v 


3{ w ) = 


s d 

8 d x i ' 


d 

~dv a ' 




5 d 

gd u a 



It is easy to see that J 2 = —I, i.e., J is an almost complex structure on 
TM° . Also, simple calculations give us G(3X,3Y) = G(X,Y), where X,Y e 
T(TM°). It means that G is almost Hermitian with respect to J. The al- 
most symplectic structure associated to the almost Hermitian structure (G, J) 
is defined by 

Q(X, Y) := G(X, JY), VX, Y e T(TM°). 
By using (|7 . 1 15|) and the above equation, we obtain 

S d d 5 d d 

5 d x i ' 5 d x 1 

— J 2 9ij ■ 



Similarly, we get the following 

S d i> 



and 



5 d 5 d 8 d S d 6 d d 

S d 5 d 5 d d 

= q(— \ = q — —) 

[ 6 d u a, S d u^ ( 6 d u a 'dvP> 
d d d d 

d d 

Therefore, we can rewrite f2 as follows: 

n = fjg l0 dx l A 6 d yi + flg aP du a A tfV. 

By direct calculations, it is result that VL = du, where 

w = /I .'/'.'/,. + flv a g aP du p . 

Thus Q is a close form. By attention to these explanations, we can conclude the 
following theorem. 



25 



Theorem 9. (TM°, G, J) is an almost Kahlerian manifold. 

Consequently, the Kahler structure on (TM°,3,G) is equivalent to the in- 
tegrability condition of J. The integrability of J is equal to the vanishing of 
tensor field Nj, which is given by following 

Nj(X,Y) = [3X,3Y] -3[3X,Y] -3[X,3Y] - [X,Y], (7 .115) 

where X, Y G T(TM°). By (|7 -115|) . in computing Nj, the following equations 
are presented 



8 d 8 d 


d d 


R fe 9 

ij dy k 


R 7 9 

ij dv~< 


(7 .116) 


AT 64 64 

J ^8 d u a ' 8 d uP> ~ 


d d 


R fc 9 


R 7 9 


(7 .117) 


AT , 9 \ 

3y 8 d x v dv a> 


S d d 
3 ^S d u a ' dy 1 ' ~ 


Rfe s d 

ia 8 d x k 


8 d 

R 7 iqT W7 .118) 


AT 

3 8 d x i ' S d u a ~ 


d d 

J W' dy*' ~ 


Rfe 9 

ia dy k 


R 7 9 


(7 .119) 


AT f S<1 9 N 

3y 8 d x v dyi> 
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8 d 
8 d ui 
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AT , ^ 9 S 

Ni ) — 
3K 8 d u al dvP' 


Tt k R 7 

a/3 S d x k a H d u^ 




(7 .121) 



Thus we have the following. 

Lemma 7. The complex structure J defined by J7 .115]) is integrable if and only 
if — 0, where a,b,c — 1, . . . , n\ + n2- 

On the other hand, R Q (, C = is equivalent to the integrability of HTM° . 
Therefore, using Theorem |H] and Lemma [71 we conclude the following. 

Theorem 10. (TM°, G, J) is a Kahlerian manifold if and only if the doubly 
warped horizontal distribution HTM° is integrable. 
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